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Abstract. The renormalization of supersymmetric Yang-Mills theories with soft supersymmetry breaking
is presented using spurion fields for introducing the breaking terms. It is proven that renormalization of
the fields and parameters in the classical action yields precisely the correct counterterms to cancel all
divergences. In the course of the construction of higher orders additional independent parameters appear,
but they can be shown to be irrelevant in physics respects. Thus, the only parameters with influence on
physical amplitudes are the supersymmetric and the well-known soft breaking parameters.

1 Introduction

At future experiments at the LHC or at a linear e+e− col-
lider, supersymmetric extensions of the standard model
can be tested decisively [1]. On the theoretical side, ex-
ploiting the potential of these experiments requires a thor-
ough control of the quantization and the renormalization
of supersymmetric models. One important characteristic
of supersymmetric extensions of the standard model is
the appearance of so-called soft supersymmetry-breaking
terms [2]. Models with soft-breaking terms have been
renormalized using the Wess-Zumino gauge in [3]. The
construction in [3] yields a result with an inherent ambi-
guity. There appear new kinds of parameters that have no
interpretation as either supersymmetric or soft-breaking
parameters. Hence, it is unclear whether these extra pa-
rameters constitute a new kind of free, in principle mea-
surable, input parameters, and how the results would in-
fluence the relation to phenomenology. This effect can be
understood as a consequence of the construction using a
BRS doublet for introducing the soft breaking.

In the present article, an alternative approach to the
renormalization of softly broken supersymmetric gauge
theories is presented using the spurion fields introduced
originally in [2]. Since the spurion fields are supermulti-
plets by themselves, soft breakings of supersymmetry are
distinguished from soft breakings of gauge invariance and
other non-standard breakings (see e.g. [4]). Since the spu-
rion fields are dimensionless, they can appear in arbitrary
powers in the action – thus in our approach there appear
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b e-mail: kraus@th.physik.uni-bonn.de
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new parameters, too. We can prove, however, that the ad-
ditional parameters do not influence physical amplitudes
and hence are irrelevant in physics respects.

For the characterization of the symmetries, a Slavnov-
Taylor identity of the same structure as in the unbroken
case [5,6] can be used. Since no supersymmetric and gauge
invariant regularization is known, we do not rely on the ex-
istence of such a scheme and define all Green functions, us-
ing the algebraic method, via the Slavnov-Taylor identity.
On this basis the relations between the renormalization of
soft and supersymmetric parameters, given in [7–10], are
not included in the construction; all soft-breaking terms
can appear with arbitrary renormalization constants. As
demonstrated for supersymmetric QED in [10], a deriva-
tion of such results requires a much more sophisticated
introduction of the soft-breaking terms and is beyond the
pure proof of renormalizability.

We restrict ourselves to a simple, non-Abelian gauge
group and exclude spontaneous symmetry breaking and
CP violation. Together with the treatment of the intrica-
cies of the standard model due to its spontaneously bro-
ken, non-semisimple gauge group [11] and supersymmetric
non-abelian [5,6] and Abelian [12] gauge theories without
soft breaking, this should provide the necessary building
blocks for the renormalization of the supersymmetric ex-
tensions of the standard model.

The outline of the present article is as follows. In Sect. 2
the basic notions of the considered models and of soft su-
persymmetry breaking are introduced. In Sect. 3 the sym-
metry identities describing gauge invariance and softly
broken supersymmetry are constructed according to the
basic idea described above.

Sections 4, 5 constitute the main part of the paper. In
Sect. 4 it is shown that – similar to the case of [3] – by
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introducing the external chiral multiplet an infinite num-
ber of parameters appears in the most general classical
action. That these parameters are all irrelevant in physics
respects and do not even appear in practice is demon-
strated in Sect. 5. The theorems proven there are our cen-
tral results and finally also imply that all divergences can
be absorbed in accordance with the symmetries. In Sect. 6
our approach is compared to the one of [3] and its advan-
tages and disadvantages are discussed. In the appendix our
conventions and the BRS transformations are collected.

2 The model and its symmetries

2.1 Supersymmetric part

We consider supersymmetric Yang-Mills theories with a
simple gauge group, coupled to matter. In this class of
models there are the following fields:

– One Yang-Mills multiplet in the adjoint representation
of the gauge group. This multiplet consists of the spin-
1 gauge fields Aµ

a and the spin-1
2 gauginos λα

a , λaα̇.
– Chiral supersymmetry multiplets (φi, ψ

α
i ) for the mat-

ter fields consisting of scalar and spin-1
2 fields that

transform under a representation of the gauge group
which is in general reducible. The corresponding her-
mitian generators are called T a

ij .

This minimal set of fields corresponds to the Wess-Zumino
gauge and is used throughout the whole paper. Still it will
be convenient to have the compact superspace notation
at hand. In superspace, fermionic variables θα, θ

α̇
and

covariant derivatives Dα = ∂
∂θα − i(σµθ)α∂µ, Dα̇ = ∂

∂θ
α̇ +

i(θσµ)α̇∂µ, are used, and the fields introduced above are
combined in the following vector, chiral and field strength
superfields1

Va(x, θ, θ) = θσµθAaµ(x) + iθθθλa(x)− iθθθλa(x)

+
1
2
θθθθDa(x) , (1)

Φi(y, θ) = φi(y) +
√
2 θψi(y) + θθFi(y) , (2)

Wα = − 1
8g
DD(e−2gVDαe

2gV ) (3)

with the chiral coordinate yµ = xµ−iθσµθ and V = T aVa,
Wα = T aWaα. Whenever we use a superspace expression,
it is understood that the auxiliary fields Da and Fi are
eliminated by their respective equations of motion derived
from the complete classical action, δΓcl

δDa
= δΓcl

δFi
= δΓcl

δF †
i

= 0.

Using this notation and superspace integrals with the
normalization

∫
d2θ θθ =

∫
d2θ θθ = 1, the supersymmet-

ric part of the classical action reads

Γsusy =
∫
d4x d2θ d2θ Φ†e2gV Φ

+
(∫

d4x d2θ
1
4
Wα

a Waα +W (Φ) + h.c.
)
(4)

1 For the vector superfield, the Wess-Zumino gauge is used

with the superpotential2

W (Φ) =
mij

2
ΦiΦj +

gijk
3!

ΦiΦjΦk . (5)

2.2 Soft supersymmetry breaking

Soft-breaking terms break supersymmetry without de-
stroying its attractive features. In the present work we
restrict the soft-breaking terms to the terms found and
classified by Girardello and Grisaru (GG) [2]. Their list of
soft-breaking terms is quite short:

– mass terms for scalar fields, −M2
ijφ

†
iφj ,

– holomorphic bilinear and trilinear terms in the scalar
fields,
−(Bijφiφj +Aijkφiφjφk + h.c.),

– mass terms for gauginos, 1
2 (Mλλaλa + h.c.).

These GG terms have two crucial properties: First, they
break supersymmetry without introducing quadratic di-
vergences. And second, they may be viewed as a part of a
power-counting renormalizable and supersymmetric inter-
action term with an external supermultiplet (spurion) [2].
This can be shown by introducing one external chiral mul-
tiplet with R-weight 0, mass dimension 0 and a constant
shift in its f̂ component3:

η(y, θ) = a(y) +
√
2θχ(y) + θθf̂(y), (6)

f̂(y) = f(y) + f0. (7)

Then the supersymmetric extensions of the above soft
breaking terms can easily be written in superspace:

Γsoft = −
∫
d4x d2θ d2θ M̃2

ijη
†ηΦ†

i (e
2gV Φ)j

−
∫
d4x d2θ (B̃ijηΦiΦj + ÃijkηΦiΦjΦk) + h.c.

−
∫
d4x d2θ

1
2
M̃ληW

α
a Waα + h.c. (8)

As long as η and its component fields are treated as ex-
ternal fields with arbitrary values, these interaction terms
are manifestly supersymmetric. Only in the limit

a(x) = χ(x) = f(x) = 0,
η(x, θ) = θθf0, (9)

they reduce to the soft breaking terms with M̃2
ij |f0|2 =

M2
ij , B̃ijf0 = Bij , Ãijkf0 = Aijk, M̃λf0 =Mλ.
The GG soft breaking terms comprise all possible

terms of mass dimension 2 but not all possible terms of
mass dimension 3. Obviously, not only λλ and φφφ but
also ψψ and φ†φφ are supersymmetry-breaking terms of

2 Gauge singlets are excluded
3 The f̂ component of this external chiral superfield need not

be eliminated since f̂ is no dynamical field and does not satisfy
particular equations of motion
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mass dimension 34. The terms of the form ψψ and φ†φφ
are excluded from the GG class because in general they
introduce quadratic divergences. However, as mentioned
e.g. in [4], in many concrete models, like the minimal
supersymmetric extension of the standard model, these
quadratic divergences are absent. Therefore, concerning
only the quadratic divergences, the GG class is too nar-
row.

If soft breaking is introduced via the coupling to η,
the non-GG terms are excluded, since they cannot be ex-
tended to a power-counting renormalizable and supersym-
metric interaction such as in (8). This means that the pos-
sible supersymmetric coupling to the spurion η is the more
profound characterization of the GG soft breaking terms
than absence of quadratic divergences.

3 Quantization

3.1 Construction of the Slavnov-Taylor identity

Our aim is now to find a definition of supersymmetric
gauge theories with soft breaking. Analogously to the
case without soft breaking, softly broken supersymme-
try should be combined with gauge invariance in a sin-
gle Slavnov-Taylor identity. Since soft breaking terms are
characterized by the possible coupling to the external η
multiplet, there is the following possibility: The Slavnov-
Taylor identity has the same form as in the unbroken case
but it contains also the η multiplet. In this way, first a
fully supersymmetric model is described. Then η is set
to the constant (9), and in this way the soft breaking is
introduced.

According to this approach, the Slavnov-Taylor iden-
tity is constructed along the same lines as in the unbro-
ken case [6]. The basic elements of the construction are
the following: First, BRS transformations are introduced
at the classical level. Since supersymmetry, gauge trans-
formations, and translations are deeply entangled in the
Wess-Zumino gauge, all three symmetries have to be com-
bined into the BRS transformations s, and three kinds of
ghost fields have to be used. These are the fields

ca(x), εα, εα̇, ων , (10)

corresponding to gauge and supersymmetry transforma-
tions and translations, respectively. Only the Faddeev-
Popov ghosts ca are quantum fields, whereas the other
ghosts are space-time independent constants because the

4 For instance, in the case of the minimal supersymmetric
standard model the φφφ GG terms are (we adopt the conven-
tions of [4])

m10λtH2Qt̄+m8λbH1Qb̄+m6λτH1Lτ̄ ,

whereas the following non-GG terms are also perfectly gauge-
invariant supersymmetry-breaking terms that do not induce
quadratic divergences:

m9λtH
∗
1Qt̄+m7λbH

∗
2Qb̄+m5λτH

∗
2Lτ̄ .

corresponding symmetries are global. The statistics of all
ghost fields is opposite to the one required by the spin-
statistics theorem. The explicit form of the BRS transfor-
mations can be found in the appendix.

Second, the sum of the gauge fixing and ghost terms
has to be BRS invariant in order to ensure the decou-
pling of the unphysical degrees of freedom and the uni-
tarity of the physical S-matrix. Thus it can be obtained
as the BRS transformation of some fermionic expression
with ghost number −1. In order to define such an expres-
sion we introduce the antighosts c̄a(x) and auxiliary fields
Ba and write the usual renormalizable gauge fixing term
with arbitrary gauge parameter ξ and a linear gauge fixing
function fa = ∂µA

µ
a as

Γfix, gh =
∫
d4x s

[
c̄a(fa +

ξ

2
Ba)

]
. (11)

Third, most of the BRS transformations are non-linear
in the propagating fields and thus affected by quantum
corrections. In order to cope with the renormalization of
the composite operators sϕi we couple them to external
fields Yi:

Γext =
∫
d4x
(
YAµ

a
sAµ

a + Y α
λa
sλaα + Yλa

α̇sλ
α̇

a + Yφisφi

+Yφ†
i
sφ†

i + Y α
ψi
sψiα + Yψi

α̇sψ
α̇

i + Ycasca

)
. (12)

Note that the implicit elimination of the Da and Fi, F
†
i

fields yields additional bilinear terms in the external Y
fields. Using the external Y fields we can write down the
Slavnov-Taylor operator S(·) corresponding to the BRS
operator s. Acting on a general functional F it reads:

S(F) = S0(F) + Ssoft(F) , (13)

S0(F) =
∫
d4x
( δF
δYAµ

a

δF
δAµ

a
+

δF
δYλaα

δF
δλα

a

+
δF
δY α̇

λa

δF
δλaα̇

+
δF
δYφi

δF
δφi

+
δF
δYφ†

i

δF
δφ†

i

+
δF
δYψiα

δF
δψα

i

+
δF
δY α̇

ψi

δF
δψiα̇

+
δF
δYca

δF
δca

+ sc̄a
δF
δc̄a

+ sBa
δF
δBa

)
+sεα

∂F
∂εα

+ sεα̇
∂F
∂εα̇

+ sων ∂F
∂ων

, (14)

Ssoft(F) =
∫
d4x
(
sa
δF
δa

+ sa† δF
δa† + sχα δF

δχα

+sχα̇

δF
δχα̇

+ sf
δF
δf

+ sf† δF
δf†

)
. (15)

Only the linear BRS transformations appear explicitly
here.

3.2 Defining symmetry identities

Now we are in the position to spell out the complete defi-
nition of the symmetries of the model as a set of require-
ments on the effective action Γ , the quantum extension
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Table 1. Quantum numbers. R,Qc, GP, dim denote R-weight
and ghost charge, Grassmann parity and the mass dimension,
respectively. The R-weights ni of the chiral multiplets are left
arbitrary. The quantum numbers of the external fields Yi in-
troduced in Sect. 3 can be obtained from the requirement that
Γext is neutral, bosonic and has dim = 4. The commutation
rule for two general fields is χ1χ2 = (−1)GP1GP2χ2χ1

χ Aµ
a λα

a φi ψα
i a χα f̂ ca εα ων c̄a Ba

R 0 1 ni ni − 1 0 −1 −2 0 1 0 0 0
Qc 0 0 0 0 0 0 0 +1 +1 +1 −1 0
GP 0 1 0 1 0 1 0 1 0 1 1 0
dim 1 3/2 1 3/2 0 1/2 1 0 −1/2 −1 2 2

of the classical action Γcl and the generating functional of
one-particle irreducible vertex functions:

– Slavnov-Taylor identity:

S(Γ ) = 0 . (16)

– Gauge fixing condition:

δΓ

δBa
=
δΓfix

δBa
= fa + ξBa . (17)

– Translational ghost equation:

δΓ

δων
=
δΓext

δων
=
∫
d4x

∑
ϕi

(−1)GPiYii∂νϕi (18)

with Γext in (12), and where (ϕi, Yi) runs over the
dynamical fields with corresponding Y fields and GPi

denotes the Grassmann-parity of ϕi.
– Global symmetries: We require Γ to be invariant un-
der CP conjugation and under global gauge transfor-
mations and continuous R-transformations and to pre-
serve ghost number (see Table 1). There may be fur-
ther symmetries such as lepton number conservation,
but these we leave unspecified. We only assume that
the global symmetries exclude mixings between the ψi

and the λa, between φi and φ
†
j and between the com-

binations f̂φi and (f̂φj)†.
– Physical part: As already stated in Sect. 2.2, the phys-
ical part of the effective action is defined to be

Γ |a=χ=f=0 . (19)

In this limit, already defined in (9), supersymmetry is
softly broken by GG terms.

For later use we introduce the abbreviation Sym(Γ ) = 0
for this set of symmetry requirements:

Sym(Γ ) = 0 ⇔ (16), (17), (18),Global symmetries. (20)

The canonically normalized classical action is given by
the sum

Γcl, canonical = Γsusy + Γsoft + Γfix, gh + Γext , (21)

with eliminated Da and Fi fields. The construction guar-
antees that Sym(Γcl, canonical) = 0. Its explicit form reads

Γcl, canonical|a=χ=0

= Γ 0
susy + Γ 0

soft + Γ 0
fix, gh + Γ 0

ext + Γ 0
bil , (22)

Γ 0
susy =

∫
d4x

(
− 1

4
(F a

µν)
2 +

i

2
λ
a
σµ(Dµλ)a

+
i

2
λaσµ(Dµλ)a + (Dµφ)†(Dµφ) + ψσµiDµψ

−
√
2g(iψλφ− iφ†λψ)

−
(
1
2
ψiψj

∂2W (φ)
∂φi∂φj

+ h.c.

)
−1
2
(φ†gT aφ)2 −

∣∣∣∣∂W (φ)
∂φi

∣∣∣∣2
)
, (23)

Γ 0
soft =

∫
d4x

(
− M̃2

ij f̂
†f̂φ†

iφj

−
(
B̃ij f̂φiφj + Ãijkf̂φiφjφk + h.c.

)
+

1
2

(
M̃λf̂λ

aλa + h.c.
))

, (24)

Γ 0
fix, gh =

∫
d4x
(
Bafa +

ξ

2
B2

a

)
+ Γ 0

gh , (25)

Γ 0
gh =

∫
d4x
(
−c̄a∂µ(Dµc)a − c̄a∂

µ(iεσµλa − iλaσµε)

+ξiεσνε(∂ν c̄a)c̄a
)
, (26)

Γ 0
ext = Γext|Da→−gφ†Taφ

Fi→−(∂W (φ)/∂φi)† , (27)

Γ 0
bil =

∫
d4x
(1
2
(Yλaε+ Yλa

ε)2 + 2(Yψiε)(Yψi
ε)
)
. (28)

As indicated by the superscript 0, the part containing the
external a and χ fields is suppressed here because its con-
crete form is not relevant for our discussion, and only the
f̂ component of the η multiplet is retained. Furthermore,
we have introduced the gauge covariant derivative

Dµ = ∂µ + igT aAµ
a , (29)

where in the adjoint representation T a has to be replaced
by −ifabc defined by [T a, T b] = ifabcT c, and the field
strength tensor

igT aFµν
a = [Dµ, Dν ] , (30)

Fµν
a = ∂µAν

a − ∂νAµ
a − gfabcAµ

bA
ν
c . (31)

More general classical solutions of the symmetry require-
ments will be given Sect. 4.1.

4 Renormalization I: Basics

The symmetry identities constitute a rigorous definition of
the considered models. However, it remains to be checked
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whether the models defined in this way are renormalizable.
In the present section the usual analysis of the structure of
the symmetric counterterms is applied, and the existence
of infinitely many different types of symmetric counter-
terms is found. The role of these counterterms will be
discussed in Sect. 5.

4.1 Generalized classical solution

In this subsection we assume that the symmetry identities
can be established at each order by adding appropriate
counterterms. Once the symmetries hold at the order �

n,
there still may arise divergences and counterterms may be
added. Both the divergences and the counterterms cannot
interfere with the symmetries, which means that both are
of the form Γsym with

Sym(Γ≤n-Loop, regularized + �
nΓsym)

= Sym(Γ≤n-Loop, regularized) +O(�n+1) , (32)

which reduces to

Sym(Γcl + ζΓsym) = O(ζ2) , (33)

with some arbitrary infinitesimal parameter ζ, since all
symmetry identities are linear or bilinear in Γ . Γcl is the
classical action, i.e. Γ = Γcl +O(�).

A model is renormalizable if all divergences can be ab-
sorbed by counterterms corresponding to renormalization
of the fields and parameters in the classical action and if
the number of physical parameters is finite.

Equation (33) shows how to find the general structure
of the possible divergences and counterterms. Since the
perturbed action Γcl + ζΓsym is a solution of the symme-
try identities in terms of a local power-counting renor-
malizable functional (classical solution), simply the most
general of these classical solutions has to be calculated.

In this subsection we determine a certain set of classi-
cal solutions with a result reminding of the result of [3].
Beyond the supersymmetric and soft breaking parameters
there appear new kinds of free parameters. In fact, our
solutions depend on infinitely many parameters!

One way to obtain classical solutions different from
Γcl, canonical in (21) is obvious. Since η is neutral with
respect to all quantum numbers and has dimension 0 it
can appear without any restrictions in the classical action.
Indeed,

Γsusy + Γsoft =
∫
d4x d2θ d2θ r1ij(η, η†)Φ†

i (e
2gV Φ)j

+
∫
d4x d2θ

(
r2(η)Wα

a Waα (34)

−r3ij(η)ΦiΦj − r4ijk(η)ΦiΦjΦk

)
+ h.c.

is a possible generalization of (4), (8) that maintains all
symmetry properties of Γcl. Here r1 is an arbitrary real
function of η, η†, and r2, r3, r4 are holomorphic functions

of η. Expanding r1 . . . r4 in a Taylor series leads to in-
finitely many interaction terms in Γcl. The fact that this
generalized action is still symmetric means that to all of
these terms there can be divergent loop contributions and
that to each of them a normalization condition is needed.

There is a further, more complicated way to perturb
a classical solution of the symmetry requirements. We
can modify the superfields appearing in Γsusy and Γsoft
by terms depending on a, χ, f . If these modifications are
accompanied by suitable changes in the BRS transforma-
tions in Γext, again classical solutions are obtained. One
specific possibility is the following modification of the chi-
ral superfields:

Φi = u1ij(a, a†)φj +
√
2(u1u2)ij(a, a†)θψj

−
√
2(u1u3)ij(a, a†)θχφj + θθFi , (35)

where this modification is parametrized by three arbitrary
functions u1, u2, u3 of a and a†. These fields Φi transform
as chiral superfields if the BRS transformations and thus
Γext is redefined as

Γφ,ψ−Part
ext =

∫
d4x

(
Yφi

[√
2u2ijεψj − (u−1

1 sεu1)ijφj

−
√
2u3ijεχφj

]
− Yψiα

[
−(u−1

2 u−1
1 sεu1u2)ijψα

j

+
√
2(u−1

2 u3u2)ijεψjχ
α −

√
2(u−1

2 u3u3)ijεχφjχ
α

+(u−1
2 u−1

1 (sεu1u3)− u−1
2 u3u

−1
1 (sεu1))ijφjχ

α

−
√
2i(εσµ)αu−1

2ij

(
Dµφj

+(u−1
1 ∂µu1)jkφk + u3jkφk∂µa

)
+

√
2εα(u1u2)−1

ij Fj +
√
2εα(u−1

2 u3)ijφj f̂
]

+h.c.+Terms involvingc, ων

)
. (36)

Here sε denotes only the ε, ε-dependent part of the BRS
transformation. The terms involving c, ων are identical to
those in (12). Using Φi from (35) in Γsusy, soft together
with the redefined Γext, we obtain a further set of classical
solutions.

Analogously, the vector superfield and the correspond-
ing part of Γext can be modified as follows:

V = v1(a, a†)
(
θσµθAµ

+ iθθθ(λv2(a, a†) + σµχAµv3(a, a†))

− iθθθ(λv2(a, a†)− σµχAµv3(a, a†))
)

+
1
2
θθθθD , (37)

Γ
Aµ,λ−Part
ext =

∫
d4x

(
YAaµ

[
iεσµ(λv2 + σνχAaνv3)

− i(λav2 + χσνAaνv3)σµε−Aaµ(v−1
1 sεv1)

]
+
(
−Yλaα

[ i
2
εσρσ(v1v2)−1Faρσ(v1A)
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+ i(v1v2)−1εDa +
√
2v3v

−1
2 f̂†εσµAaµ

− (v−1
1 v−1

2 sεv1v2)λa − [iεσµ(λa + v3v
−1
2 σνχAaν)

− i(λ+ v3v
−1
2 χσνAaν)σµε

]
χσµv3

− v3v
−1
2

√
2iεσν(∂νa†)σµAaµ

− (sεv3)v−1
2 χσµAaµ

]
+ h.c.

)
+Terms involvingc, ων

)
. (38)

Here a modified field strength tensor Faρσ(v1A) = ∂ρ(v1

Aaσ)− ∂σ(v1Aaρ)− gfabcv2
1AbρAcσ has been introduced.

Note that the functions u1, u2, v1, v2 are a, a†-depen-
dent generalizations of field renormalizations of the matter
and gauge fields. On the other hand, u3, v3 are new kinds
of parameters corresponding to field renormalizations of
the form

ψ → ψ − u3χφ , (39)
λα → λα − v3(σµχ)αAµ . (40)

In addition to these modifications, obviously a field
renormalization of the Faddeev-Popov ghost

c →
√
Zcc , Yc →

√
Zc

−1
Yc (41)

and renormalization of all parameters appearing in Γcl in
(21) is possible without violating the symmetry identities.

We conclude that the supersymmetry algebra is un-
stable in the sense that it allows for arbitrary functions
u1,2,3 and v1,2,3 with an infinite number of Taylor coeffi-
cients that have to be renormalized. So, even without cal-
culating the classical solution to the symmetry identities
in full generality, we know that infinitely many normal-
ization conditions are needed and the effective action Γ
depends on infinitely many parameters.

In the physical limit a = χ = f = 0 or already in
the limit a = χ = 0, the functions ri, ui, vi reduce to
usual field renormalizations and two additional parame-
ters u3(0), v3(0). Taking these two parameters into
account, the canonically normalized classical action
Γcl, canonical in (22) changes as follows:

Γcl, canonical|a=χ=0 = Γ
(22)

cl, canonical|a=χ=0 (42)

+
∫
d4x
(
−Yψiα(

√
2εαf̂u3ij(0)φj)

− Yλaα

√
2v3(0)f̂†εσµαAaµ + h.c.

)
.

Only the external field part is influenced by the new pa-
rameters.

4.2 Remarks on anomalies

In the preceding subsection we have assumed that the
symmetry identities can be maintained at each order of
perturbation theory. In principle this need not be true,

because there could be anomalies. For unbroken super-
symmetric Yang-Mills theories it is well known that the
only possible anomaly is the supersymmetric extension of
the chiral gauge anomaly [15,5,6]. In particular, the rele-
vant cohomology does not depend on the chiral multiplets
at all. In spite of the soft breaking, the formulation of our
model is the same as the one for unbroken supersymmet-
ric Yang-Mills theories except for the appearance of the
additional chiral η multiplet of dimension 0. Therefore, we
assume that our model is anomaly free and the symmetry
identities can be restored by suitable counterterms at each
order.

However, one also has to check for infrared anomalies,
i.e. breakings of the symmetry identities that can only be
absorbed by counterterms of infrared dimension less than
4. Using the assignments from [3]5, in principle counter-
terms of infrared dimension≥ 2.5 could show up. However,
there are no such counterterms of infrared dimension < 4
that involve at least two propagating fields. The other ones
cannot be inserted in higher order loop diagrams and thus
are harmless, so there are no infrared anomalies.

5 Renormalization II:
Physical part of the model

In general, a model depending on an infinite number of
parameters has no predictive power. But this is not neces-
sarily the case here, because all physical amplitudes have
to be derived from the effective action Γ in the limit (9),
a = χ = f = 0. And we have not yet checked which of the
parameters can have any influence on Γ in this limit.

In this section we prove two theorems showing that
the infinitely many unwanted parameters are irrelevant
for physical quantities and do not appear in practical cal-
culations. Thus the number of physical parameters is finite
and the considered models are renormalizable. And more-
over, the set of physical parameters can be identified with
the supersymmetric and soft breaking parameters.

The essentials of the two theorems are the following:
1. The only quantities Γ |a=χ=Yi=0, i.e. Green functions

without external a, χ or Yi fields, depend on are
– the field renormalization constants ZA, Zλ, Zc, Zφ,
Zψ,

– the gauge coupling g,
– the parameters in the superpotential mij , gijk,
– the soft breaking parameters M̃2

ij , B̃ij , Ãijk, M̃λ.
More details and the proof can be found in Sect. 5.2.

2. In practical calculations it is sufficient to solve the sym-
metry identities in the limit a = χ = 0,

Sym(Γ )|a=χ=0 = 0 . (43)

Each of these solutions can be extended to a full solu-
tion Γ exact that contains the same physics and satisfies

Sym(Γ exact) = 0 , (44)
Γ |a=χ=0 = Γ exact|a=χ=0 . (45)

5 For the spurion field components we use dimIR(a) = 2,
dimIR(χ, f) = 1
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Since in the evaluation of Sym(Γ )|a=χ=0 the unphysi-
cal parameters do not appear one has no need to calcu-
late Feynman rules or vertex functions involving these
parameters. This theorem is proven in Sect. 5.1 for the
classical level and Sect. 5.3 for the quantum level.

For practical calculations the theorems have an important
implication. It is a possible and sufficient prescription to
impose only Sym(Γ )|a=χ=0 = 0 and require normalization
conditions only for the physical parameters listed in the-
orem 1. Each solution of this prescription is equivalent in
physics respects to a full solution of the symmetry iden-
tities, and any two solutions differ only in the physically
irrelevant part.

The proofs of these theorems are now given in the order
of their logical interdependence. First we prove a lemma
which is a more general form of theorem 2 on the classical
level and introduce some useful notation. Then this lemma
is used to prove theorem 1 and finally theorem 2 on the
quantum level.

5.1 Classical solution and invariant counterterms

Let R be the following operator for a renormalization
transformation of all parameters and fields appearing in
Γcl, canonical|a=χ=0 defined in (42):

R :

{Aµ, YAµ , → {
√
ZAA

µ,
√
ZA

−1
YAµ ,

B, c̄, ξ}
√
ZA

−1
B,
√
ZA

−1
c̄, ZAξ}

{λ, Yλ} → {
√
Zλλ,

√
Zλ

−1}
{c, Yc} → {

√
Zcc,

√
Zc

−1
Yc}

{φi, Yφi} → {√Zφij
φj ,
√
Zφ

−1
ij
Yφj }

{ψi, Yψi} → {√Zψij
ψj ,
√
Zψ

−1
ij
Yψj }

{g,mij , gijk} → {g + δg,mij + δmij , gijk + δgijk}
{M̃2

ij , B̃ij , → {M̃2
ij + δM̃2

ij , B̃ij + δB̃ij ,

Ãijk, M̃λ} Ãijk + δÃijk, M̃λ + δM̃λ}
{u3ij(0), v3(0)} → {u3ij(0) + δu3ij(0), v3(0) + δv3(0)}

(46)

with real constants
√
ZA,

√
Zλ,

√
Zc,

√
Zφij ,

√
Zψij , δg,

δmij , δgijk, δM̃2
ij , δB̃ij , δÃijk, δM̃λ, δu3ij(0), δv3(0) that

have to be compatible with the global symmetries.
Similarly, let δR be the following infinitesimal renor-

malization transformation:

δR =
1
2
δZA

[∫
d4x

(
Aµ

a

δ

δAµ
a

− YAµ
a

δ

δYAµ
a

−Ba
δ

δBa

−c̄a δ

δc̄a

)
+ 2ξ

∂

∂ξ

]
+
1
2
δZλ

∫
d4x

(
λa

δ

δλa
+ λa

δ

δλa

−Yλa

δ

δYλa

− Yλa

δ

δYλa

)

+
1
2
δZc

∫
d4x

(
c
δ

δc
− Yc

δ

δYc

)
+
1
2
δZφij

∫
d4x

(
φj

δ

δφi
+ φ†

j

δ

δφ†
i

−Yφi

δ

δYφj

− Yφ†
i

δ

δYφ†
j

)

+
1
2
δZψij

∫
d4x

(
ψα
j

δ

δψα
i

+ ψj α̇
δ

δψiα̇

−Y α
ψi

δ

δY α
ψj

− Yψi
α̇

δ

δYψj
α̇

)
+ δg

∂

∂g
+ δmij

∂

∂mij

+δgijk
∂

∂gijk
+ δM̃2

ij

∂

∂M̃2
ij

+ δB̃ij
∂

∂B̃ij

+δÃijk
∂

∂Ãijk

+ δM̃λ
∂

∂M̃λ

+ δu3ij(0)
∂

∂u3ij(0)

+δv3(0)
∂

∂v3(0)
. (47)

According to the results of Sect. 4.1 and using the identi-
fication √

Zφij → u1ij ,√
Zψij → (u1u2)ij ,√
ZA → v1 ,√
Zλ → v1v2 , (48)

we see that both operators R, δR are compatible with the
symmetries. Suppose, Γcl is a classical solution of

Sym(Γcl) = 0.

Then RΓcl is another solution:

Sym(RΓcl) = 0 , (49)

and δR generates symmetric counterterms (compare (33)):

Γsym = δRΓcl

⇒ Sym(Γcl + ζΓsym) = 0 +O(ζ2) . (50)

Now we consider the symmetry identities and its clas-
sical solutions in the limit

a = χ = 0, farbitrary. (51)

This limit is not identical with the physical limit (9) but
better suited for our needs. In this limit the unwanted
parameters do not appear but still the symmetry identities
are restrictive enough.

Lemma: Let Γcl and Γsym denote a classical solution and
an action for symmetric counterterms in the limit a = χ =
0,

Sym(Γcl)|a=χ=0 = 0 , (52)

Sym(Γcl + ζΓsym)|a=χ=0 = 0 +O(ζ2) . (53)
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Then the most general form of Γcl, Γsym has to fulfil the
relations

Γcl|a=χ=0 = [RΓcl, canonical]|a=χ=0 , (54)
Γsym|a=χ=0 = [δRΓcl, canonical]|a=χ=0 , (55)

with the operators R, δR defined in (46), (47).

Proof: The general classical solution of the symmetry
identities (52), (53) can be obtained by a straightforward
calculation. We write down a general ansatz, apply the
symmetry identities and derive the necessary relations the
coefficients in the ansatz have to satisfy. Although the cal-
culation is lengthy, the announced results (54), (55) follow
in a direct way.

We now give a short sketch of the calculation with
emphasis on the main point, namely the restriction of the
terms of O(f̂ , f̂†). This sketch will also show why we have
to use the limit (51) instead of (9) in the statement of the
lemma.

The most general ansatz for Γcl can be decomposed
according to the degree in a, χ, f̂ :

Γcl = Γ0 + Γf̂ , lin + Γf̂ , rest + Γχ, lin + Γrest , (56)

where Γ0 does not depend on a, χ, f̂ ; Γf̂ , lin, Γf̂ , rest are
linear and of higher degree in f̂ but do not depend on
a, χ; Γχ, lin is linear in χ and does not depend on a, f̂ , and
Γrest contains the rest of the dependence on χ, f̂ , and the
complete dependence on a.

Since all defining symmetry identities either do not
change the degree in a, χ, f̂ or increase it, we obtain for
Γ0:

0 = Sym(Γ )|a=χ=f̂=0 = Sym(Γ0) , (57)

thus Γ0 is a classical solution of the defining symmetry
identities in the case without soft breaking [6].

Next, the symmetry identities in (52) imply that Γf̂ , lin
is globally invariant and does not depend on Ba and ωµ,
and that

0 = S(Γ )|a=χ=0, linear inf̂

= s0
Γ0

Γf̂ , lin + Sχ(Γχ, lin) . (58)

Here s0
Γ0

is the linearized version of S0 defined by

S0(Γ0 + ζΓ1) = S0(Γ0) + ζs0
Γ0
Γ1 +O(ζ2) , (59)

and

Sχ(Γ ) =
∫
d4x
(
sχα δΓ

δχα

∣∣∣
a=χ=0

+ sχα̇

δΓ

δχα̇

∣∣∣
a=χ=0

)
=
∫
d4x
(√

2f̂ εα
δΓ

δχα

∣∣∣
a=χ=0

−
√
2f̂†εα̇

δΓ

δχα̇

∣∣∣
a=χ=0

)
. (60)

Due to the form of the operator Sχ we obtain

s0
Γ0

Γf̂ , lin = O(εf̂) +O(εf̂†) . (61)

Since on the physical fields s0
Γ0

acts as the BRS operator
s up to field and parameter renormalizations, it is easy
to see that the most general solution for Γf̂ , lin that is
compatible with the global symmetries is given by

Γf̂ , lin = f̂
(
Ãijkφiφjφk + B̃ijφiφj + M̃λλaλa

+ u3ij
√
2Yψiεf̂φj + v3

√
2Yλa

σµεAaµ

)
+ h.c. (62)

All these terms are accounted for in the operator R, (46).
This is the point where the limit (51) is important. If

we had required only Sym(Γcl)|a=χ=f=0 instead of (52),
then we would have obtained only O(ε)+O(ε) on the r.h.s.
of (61), and in the solution to this equation non-GG terms
φφφ† or ψψ would have appeared.

The constraints on the remaining parts of Γcl can be
worked out similarly.

5.2 Physical parameters

Once the symmetry identities are satisfied at a given order
in the limit (51), there can still be divergent contributions
which have to be absorbed by symmetric counterterms
Γsym satisfying

Sym(Γcl + ζΓsym)|a=χ=0 = 0 +O(ζ2) . (63)

According to the lemma the most general form of Γsym
is generated by the infinitesimal renormalization transfor-
mation

Γsym|a=χ=0 = [δRΓcl]|a=χ=0 . (64)

This leads to the following hierarchy of the symmetric
counterterms:

1. Counterterms appearing in physical processes, where
not only a = χ = 0, but also the external Yi fields are
set to zero:

Γsym|a=χ=0,Yi=0 . (65)

This first class contains the counterterms to the field
renormalization constants ZA, Zλ, Zc, Zφ, Zψ and the
parameters g,mij , gijk, M̃2

ij , B̃ij , Ãijk, M̃λ.
2. Additional counterterms appearing for Yi = 0:

Γsym|a=χ=0,Yi �=0 . (66)

This class contains precisely the counterterms to the
u3, v3 parameters.

3. The rest of the counterterms appearing for a, χ arbi-
trary:

Γsym|a,χ�=0,Yi �=0 . (67)

This class contains infinitely many independent coun-
terterms.
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The normalization conditions fixing the first, second
and third set of counterterms we call normalization con-
ditions of the first, second and third class, respectively.

The next theorem states how far we get using only the
class-one-normalization conditions and leaving open the
ones of the second and third class.

Theorem 1: Two solutions Γ1 and Γ2 of the same class-
one-normalization conditions and of the symmetry identi-
ties in the limit (51),

Sym(Γ2)|a=χ=0 = Sym(Γ1)|a=χ=0 = 0 , (68)

can differ at most by local terms proportional to Yψ, Yλ:

(Γ2 − Γ1)|a=χ=0

= ∆Y (u3ij(0) + δu3ij(0), v3(0) + δv3(0))

≡
∫
d4x
(
−Yψiα

√
2εαf̂(u3ij(0) + δu3ij(0))φj

− Yλα

√
2(v3(0) + δv3(0))f̂†εσµαAµ

)
+ h.c. (69)

Proof: Due to the lemma this holds at the tree level. To
perform an inductive proof of this statement we suppose
that we have at the order �

n−1:

(Γ2 − Γ1)|a=χ=0 = ∆Y (u
(n−1)
3 , v

(n−1)
3 ) +O(�n) ,

(70)

(Γ2,ct − Γ1,ct)|a=χ=0 = ∆Y (δu
(n−1)
3 , δv

(n−1)
3 ) +O(�n) .

(71)

Then, at the next order all one-particle irreducible loop di-
agrams not involving a, χ are the same, regardless whether
calculated according to the Feynman rules for Γ1 or Γ2.
This is true because even though the Feynman rules differ
by the terms ∆Y , these differences cannot contribute since
they are linear in the propagating fields.

The difficult point is to prove that the counterterms of
the order �

n, denoted by Γ (n)
1, ct and Γ

(n)
2, ct, do not invalidate

(70-71). We know

(Γ2 − Γ1)|a=χ=0 = ∆Γ
(n)
ct +∆Y (u

(n−1)
3 , v

(n−1)
3 )

+O(�n+1) , (72)

∆Γ
(n)
ct = (Γ (n)

2, ct − Γ
(n)
1, ct)|a=χ=0 . (73)

Thus, taking into account the symmetry of ∆Y and the
fact that all symmetry identities except for the Slavnov-
Taylor identity are linear and do not change the degree in
a, χ, we obtain for these identities

0 = Sym(Γ2)|a=χ=0

= Sym(Γ2|a=χ=0)

= Sym
(
Γ1|a=χ=0 +∆Γ

(n)
ct +∆Y (u

(n−1)
3 , v

(n−1)
3 )

)
= 0 + Sym(∆Γ (n)

ct ) . (74)

For the Slavnov-Taylor identity we obtain at the order �
n

(we use the operator Sχ defined in (60)):

0 = S(Γ2)|a=χ=0

= S0(Γ2|a=χ=0) + Sχ(Γ2)

= S0(Γ1|a=χ=0 +∆Γ
(n)
ct +∆Y ) + Sχ(Γ2)

= S(Γ1 +∆Γ
(n)
ct +∆Y )|a=χ=0

+ Sχ(Γ2 − (Γ1 +∆Γ
(n)
ct +∆Y ))

= S(Γ1 +∆Γ
(n)
ct )|a=χ=0

+
∫
d4x

(
δΓ1 +∆Γ

(n)
ct

δYi

δ∆Y

δϕi

+
δ∆Y

δYi

δΓ1 +∆Γ
(n)
ct

δϕi

)∣∣∣∣∣
a=χ=0

+ Sχ(Γ2 − (Γ1 +∆Γ
(n)
ct +∆Y ))

= S(Γ1 +∆Γ
(n)
ct )|a=χ=0 +

√
2(εαXαf̂ − εα̇X̄

α̇f̂†) . (75)

The last two equations hold owing to the special form of
∆Y with some suitably chosen functional Xα. Since Γ1
satisfies the Slavnov-Taylor identity the first term of this
result can be simplified using

S(Γ1 +∆Γ
(n)
ct ) = S(Γ1,cl +∆Γ

(n)
ct ) +O(�n+1) . (76)

Therefore, both terms in the last line of (75) are local and
power-counting renormalizable functionals of the order �

n,
and we can define a counterterm action

Γsym = ∆Γ
(n)
ct + (χαXα + χα̇X̄

α̇) (77)

that satisfies

S(Γ1,cl + Γsym)|a=χ=0 = S(Γ1 +∆Γ
(n)
ct )|a=χ=0

+
√
2(εαXαf̂ − εα̇X̄

α̇f̂†)
= 0 +O(�n+1) . (78)

Thus, Γsym is a symmetric counterterm in the sense of
(63), and we obtain from the lemma:

Γsym|a=χ=0 = [δRΓ1,cl]|a=χ=0 (79)

On the other hand, by construction Γsym contains the rel-
evant difference of Γ1 and Γ2 at the order �

n:

(Γ2 − Γ1)|a=χ=0 = Γsym|a=χ=0 +∆Y (u
(n−1)
3 , v

(n−1)
3 )

+O(�n+1) . (80)

Now, since Γ1,2 satisfy the same class-one-normalization
conditions, Γsym cannot contain any class-one-counter-
terms. Since these are the only counterterms that appear
in the limit a = χ = Yi = 0, we obtain

Γsym|a=χ=Yi=0 = 0 . (81)

Owing to the concrete form of δR, this shows

∆Γ
(n)
ct |a=χ=0 = Γsym|a=χ=0 = ∆Y (δu

(n)
3 , δv

(n)
3 ) . (82)

Together with (72) this demonstrates the validity of (70–
71) at the next order, completing the induction.
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5.3 Simplified symmetry identities
at the quantum level

According to theorem 1, the parameters of class 2 and
class 3 are irrelevant in physics respects. In this subsection,
a complementary theorem is proven. This theorem 2 states
that it is sufficient to establish the symmetry identities in
the limit (51), where the infinitely many parameters of
class 3 do not appear at all. This implies that the class
3 parameters can be completely ignored in practice. The
two parameters u3, v3 of class 2 are also unphysical, but
they do appear in the limit (51).

At the classical level, this is a direct consequence of
the Lemma in Sect. 5.1 together with (49), (50): Any clas-
sical solution Γcl of the symmetry identities (52) is equiv-
alent in physics respects to a solution [RΓcl, canonical] of
the full symmetry identities. In this subsection the theo-
rem is extended to the quantum level. The statement of
the theorem and its proof at the quantum level is divided
into two parts – the existence of a solution to the symme-
try identities in the limit (51) and its extension to a full
solution.

5.3.1 Existence of a solution

Theorem 2a: Suppose Γ is a solution of the symmetry
identities in the limit (51) up to the order �

n−1,

Sym(Γ )|a=χ=0 = 0 +O(�n) , (83)

and Γ exact is an extension that solves the full symmetry
identities,

Sym(Γ exact) = 0 +O(�n) , (84)
(Γ exact − Γ )|a=χ=0 = 0 +O(�n) . (85)

Then we claim that Γ , Γ exact can be renormalized in such
a way that the (83-85) are maintained at the next order
�
n.

Proof: Since we assume the absence of anomalies, Γ exact

can be renormalized in such a way that

Sym(Γ exact) = 0 +O(�n+1) . (86)

Since the Feynman rules of the order �
n defined by Γ exact

and Γ differ only in terms ∼ a, χ, all loop diagrams con-
tributing to Γ exact|a=χ=0 and Γ |a=χ=0 are equal at this
order. Thus, adding appropriate O(�n) counterterms to Γ
we obtain

(Γ exact − Γ )|a=χ=0 = 0 +O(�n+1) . (87)

However, Γ does not yet satisfy the Slavnov-Taylor iden-
tity at this order. Indeed, neglecting terms of the order
�
n+1 we obtain

S(Γ )|a=χ=0 = S0(Γ |a=χ=0) + Sχ(Γ )

= S0(Γ exact|a=χ=0) + Sχ(Γ )

= S(Γ exact)|a=χ=0 + Sχ(Γ − Γ exact)

= Sχ(Γ − Γ exact)
= �

n∆ . (88)

Owing to the quantum action principle [16], the lowest
order of ∆ is a local and power-counting renormalizable
functional, and owing to the form of Sχ it takes the form

∆ =
∫ √

2εαXαf̂ −
√
2εα̇X̄ α̇f̂† +O(�) . (89)

Hence, adding the counterterms

Γ → Γ −
∫

�
n(χαXα + χα̇X̄

α̇) (90)

restores the Slavnov-Taylor identity S(Γ )|a=χ=0 = 0 +
O(�n+1) without interfering with (87). All further symme-
try identities are linear and homogeneous in a, χ. There-
fore, Γ satisfies these identities, too, and we obtain

Sym(Γ )|a=χ=0 = 0 +O(�n+1) . (91)

This was to be shown.

5.3.2 Extension to a full solution

Theorem 2b: Let Γ be a solution to the symmetry iden-
tities in the limit a = χ = 0,

Sym(Γ )|a=χ=0 = 0 . (92)

Then there exists an extension to a full solution Γ exact

satisfying

Sym(Γ exact) = 0 , (93)
(Γ exact − Γ )|a=χ=0 = 0 . (94)

Proof: Due to the lemma there is a classical solution
Γ exact

cl satisfying (93-94). Now suppose the same is true
at the order �

n−1, that is there exists an effective action
Γ exact satisfying

Sym(Γ exact) = 0 +O(�n) , (95)
(Γ exact − Γ )|a=χ=0 = 0 +O(�n) . (96)

Then, according to theorem 2a there are O(�n) counter-
terms yielding Γ̃ = Γ + O(�n), Γ̃ exact = Γ exact + O(�n)
such that

Sym(Γ̃ )|a=χ=0 = 0 +O(�n+1) , (97)

Sym(Γ̃ exact) = 0 +O(�n+1) , (98)

(Γ̃ exact − Γ̃ )|a=χ=0 = 0 +O(�n+1) . (99)

However, due to (92), (97) the difference Γ̃ − Γ has to
be a symmetric counterterm as defined in (53). Hence, it
has the form

(Γ − Γ̃ )|a=χ=0 = [δRΓcl]|a=χ=0 . (100)

Therefore, Γ exact = Γ̃ exact + δRΓ exact
cl has the desired

properties

Sym(Γ exact) = Sym(Γ̃ exact + δRΓ exact
cl )

= 0 +O(�n+1) , (101)

(Γ exact − Γ )|a=χ=0 = (Γ̃ exact − Γ̃ )|a=χ=0

= 0 +O(�n+1) . (102)

This completes the induction.
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6 Alternative approach

The first Slavnov-Taylor identity for softly broken super-
symmetric gauge theories was presented in [3]. In this con-
struction the absence of anomalies could be nicely shown,
but there appeared new kinds of parameters whose physi-
cal meaning remained unclear. As shown in Sect. 5, in our
approach this problem could be solved. In this section a
brief comparison of both approaches is given.

Basically, in both approaches the soft breaking is intro-
duced via external fields with definite BRS transformation
rules. These transformation rules contain a constant shift
that yields the soft parameters in the limit of vanishing
external fields.

The main difference concerns the underlying intuition
and consequently the external field content6: In [3], the
soft breaking terms are not introduced as couplings to a
multiplet (a, χ, f̂) that transforms as a chiral supermulti-
plet but as couplings to a BRS doublet (u, v̂) where7

su = v̂ − iων∂νu , (103)
sv = 2iεσνε∂νu− iων∂νv , (104)

v̂(x) = v(x) + κ . (105)

The main benefit of this structure is that the cohomolog-
ical sector of the theory is not altered compared to the
case without soft breaking. This allows a straightforward
proof of the absence of anomalies.

Contrary to the case of (a, χ, f̂), however, the BRS
transformations of u and v cannot be interpreted as super-
symmetry transformations where simply the transforma-
tion parameter has been promoted to a ghost. Moreover,
u and v are two scalar fields and therefore cannot form
a supersymmetry multiplet. Correspondingly, the restric-
tion of the breaking terms to the ones of the GG-class is
done by requiring R-invariance with specially chosen R-
weights. In [3], requiring supersymmetry alone would not
suffice to forbid non-GG terms (see Sect. 2.2). On the one
hand, this opens a way to perform the renormalization
of theories with arbitrary supersymmetry breaking. But
on the other hand the emphasized role of R-invariance
might obstruct a deeper understanding of softly broken
supersymmetry and its influence on typical consequences
of supersymmetry like non-renormalization properties.

In the limit of vanishing external fields, the classical ac-
tion in both approaches reduces to the same soft breaking
action but for non-vanishing external fields in both cases
new parameters appear: in our case the ones discussed

6 One further difference concerns the supersymmetric mass
terms which are also introduced via external fields in [3]. This
is done in order not to violate R-invariance because the R-
weights of the chiral fields are fixed to ni = 2

3 (translated to our
convention) in accordance with the R-part of the supercurrent.
In our case the R-weights are assumed to be chosen in such a
way that the mass terms are invariant and therefore we do not
need such an external field multiplet

7 The equations are translated to our conventions. In partic-
ular, in [3] there is also an R-transformation part in the BRS
transformations, which is neglected here

in Sect. 4.1, in the case of [3] for instance the parameters
ρ2, ρ4 that appear in the terms

Γ2,4 =
∫
d4x
(
ρ2abYψbαε

α(v̂φa −
√
2uεψa)

+ ρ4abv̂ūεψaφ
†
b

)
+ . . . (106)

The main reason why the approach of [3] cannot be used
directly in phenomenological applications is that the phys-
ical meaning of these parameters is not obvious. In par-
ticular, a theorem showing whether these parameters are
irrelevant for physical quantities or not – analogous to
Sect. 5.2 – is lacking.

In spite of these differences, there is a remarkable re-
lation between both approaches. First of all, the quantum
numbers of v̂ and f̂ are equal, and second we can combine
the supersymmetry ghost and u to a spinor (εu) that has
the same quantum numbers as χ. Hence, we can identify

a → 0 ,
χα → εαu ,√
2f̂ → v̂ . (107)

Furthermore, this correspondence even holds for the BRS
transformations:

sa →
√
2εεu = 0 ,

sχα →
√
2εαv̂ − iων∂νε

αu = sεαu ,

s
√
2f̂ → 2iεσν∂νεu− iων∂ν v̂ = sv̂ . (108)

Here we have used εαεα = 0, which holds since ε is bosonic.
Thus, u and v̂ may be regarded as a part of our chiral
multiplet (a, χ, f̂). And there is a natural identification in
our framework of terms like the ρ2-term in (106), where u
comes always in combination with ε. In fact, this term has
the same structure as the u3-term in (36) with u3 → −ρ2
when (107) is used.

However, in the classical action of [3] there are also
terms where u appears without an accompanying ε or ū
without accompanying ε, such as the ρ4-term in (106).
These terms have no correspondence in our framework.
On the other hand, of course our terms depending on the a
field have no correspondence in [3]. Therefore both frame-
works are really different and independent of each other.

7 Conclusions

In this article we have performed the renormalization of
supersymmetric Yang-Mills theories with soft supersym-
metry-breaking terms of the GG class. These terms are
introduced in a supersymmetric way via an external chiral
multiplet, allowing a construction that parallels the one
without soft breaking.

This construction is afflicted by a problem, since in
the course of the renormalization, an unconstrained num-
ber of additional parameters appear. However, in Sect. 5
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it is shown that these parameters are irrelevant in physics
respects. Even better than gauge parameters they do not
influence any vertex functions that occur in physical S-
matrix elements; and neither at the classical nor at the
quantum level it is necessary to calculate the part of the
Lagrangian and the counterterms involving those addi-
tional parameters.

For practical calculations of physical processes the the-
orems in Sect. 5 imply, first, that the symmetry identities
need to be established only in the limit (51),

Sym(Γ )|a=χ=0 = 0.

And second, renormalization of the fields and parameters
appearing in the relevant part of the classical action suf-
fices to cancel the divergences.

Since the supersymmetric extensions of the standard
model like the minimal one (MSSM) involve soft breaking,
our results provide an important building block for the
renormalization of these kind of models.

The impossibility to accommodate non-GG breaking
terms in the framework with spurion fields, where break-
ing terms are introduced via a coupling to a supermulti-
plet, shows that GG terms are a renormalizable subclass
of all breaking. That these terms have even special prop-
erties under renormalization, as seen in explicit one-loop
calculations and different approaches to their renormal-
ization group coefficients [7–10], cannot be concluded by
using the present formalism. As shown for the Abelian
case in [10], the present formalism provides the correct
starting point for this purpose, but it has to be enhanced
by a deeper characterization of the symmetries.

Acknowledgements. We thank M. Roth, C. Rupp, and K. Si-
bold for valuable discussions.

Appendix
A Conventions

2-Spinor indices and scalar products:

ψχ = ψαχα , ψχ = ψα̇χ
α̇ , (109)

σ matrices:

σ1=

(
0 1
1 0

)
, σ2=

(
0 −i
i 0

)
, σ3=

(
1 0
0 −1

)
, (110)

σµ
αα̇ = (1, σk)αα̇ , σµα̇α = (1,−σk)α̇α , (111)

(σµν)α β =
i

2
(σµσν − σνσµ)α β , (112)

(σµν)α̇ β̇ =
i

2
(σµσν − σνσµ)α̇ β̇ . (113)

Complex conjugation:

(ψθ)† = θψ , (114)

(ψσµθ)† = θσµψ , (115)

(ψσµνθ)† = θσµνψ . (116)

Derivatives:

∂

∂θα
θβ = δα

β ,
∂

∂θα
θβ = −δβα , (117)

∂

∂θα̇
θβ̇ = δα̇β̇ ,

∂

∂θ
α̇
θ
β̇
= −δβ̇ α̇ . (118)

B BRS transformations

On the physical fields (i.e. fields carrying no ghost num-
ber) the BRS transformations are the sum of gauge and
supersymmetry transformations and translations, where
the transformation parameters have been promoted to the
ghost fields:

sAµ = ∂µc− ig[c, Aµ] + iεσµλ− iλσµε− iων∂νAµ ,

(119)

sλα = −ig{c, λα}+ i

2
(εσρσ)αFρσ + iεαD − iων∂νλ

α ,

(120)

sλα̇ = −ig{c, λα̇} − i

2
(εσρσ)α̇Fρσ + iεα̇D − iων∂νλα̇ ,

(121)

sφi = −igc φi +
√
2 εψi − iων∂νφi , (122)

sφ†
i = +ig(φ†c)i +

√
2ψiε− iων∂νφ

†
i , (123)

sψα
i = −igc ψα

i +
√
2 εα Fi −

√
2 i(εσµ)αDµφi

−iων∂νψ
α
i , (124)

sψiα̇ = −ig(ψα̇c)i −
√
2 εα̇ F

†
i +

√
2 i(εσµ)α̇(Dµφi)†

−iων∂νψiα̇ , (125)

sa =
√
2 εχ− iων∂νa , (126)

sa† =
√
2χε− iων∂νa

† , (127)

sχα =
√
2 εαf̂ −

√
2 i(εσµ)α∂µa− iων∂νχ

α , (128)

sχα̇ = −
√
2 εα̇f̂† +

√
2 i(εσµ)α̇∂µa† − iων∂νχα̇ , (129)

sf =
√
2 iεσµ∂µχ − iων∂νf , (130)

sf† = −
√
2 i∂µχσµε− iων∂νf

† . (131)

Here we have used Aµ = T aAaµ and similar for λ, λ, Fρσ,
D, c, c̄, B. Again, the auxiliary fields D and Fi, F

†
i are

understood to be eliminated by their equations of motion.
The various (anti)commutation relations of the trans-

formations are encoded in the nilpotency equation

s2 = 0 + field equations (132)

if the BRS transformations of the ghosts are given by the
structure constants of the algebra and the ghosts have
the opposite statistics as required by the spin-statistics
theorem [14]:

sc = −igc2 + 2iεσνεAν − iων∂νc , (133)
sεα = 0 , (134)

sεα̇ = 0 , (135)
sων = 2εσνε . (136)
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The BRS transformations of the antighosts and B
fields read

sc̄a = Ba − iων∂ν c̄a , (137)
sBa = 2iεσνε∂ν c̄a − iων∂νBa . (138)
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